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ABSTRACT 

Two charge BPS horizon free supergravity geometries are important in proposals for 
understanding black hole microstates. In this paper we construct a new class of geometries 
in the NS1-P system, corresponding to solitonic strings carrying fermionic as well as bosonic 
condensates. Such geometries are required to account for the full microscopic entropy of 
the NS1-P system. We then briefly discuss the properties of the corresponding geometries 
in the dual D1-D5 system. 
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1 Introduction 

In recent years there has been considerable progress in the classification of supersymmetric 
solutions of supergravity theories. For example, the work of [1] constructed the most general 
supersymmetric solutions of minimal five-dimensional supergravity which have a timelike 
killing spinor, and there have been many subsequent papers extending such analysis to other 
supergravity theories. 

In the context of string theory, however, this is only part of what is required to classify 
the supersymmetric backgrounds of interest. In string theory, one must also allow for 
source terms in the supergravity equations of motion which arise from allowed objects 
in the string theory, namely branes and solitonic fundamental strings. The question of 
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classifying supergravity backgrounds therefore also implicitly involves a classification of 
allowed sources. 

This issue was appreciated even before the advent of D-branes. For example, [2, 3, 4, 5, 6] 
discussed BPS supergravity solutions corresponding to certain BPS fundamental string 
states; the supergravity fields have sources which are exactly those needed to match the 
solitonic fundamental string. After the discovery of D-branes, this correspondence became 
frequently used: one associates the boundary state or open string description of the D-brane 
with a corresponding supergravity solution which generically has sources. (In certain cases, 
such as the D3-brane and the D1-D5 brane system, the source is actually not present, but 
generically for branes there will be source terms in the supergravity equations of motion. 
Indeed, generically a system such as the D1-D5 brane system in which there are no sources 
can be related by duality to another system (such as the Fl-P) in which there are sources.) 
This relationship of course underpins the AdS/CFT conjecture [7, 8, 9] where on one side 
of the duality one takes a decoupling limit of the supergravity background sourced by the 
D-branes and on the other side a corresponding limit of the open string description of the 
branes. 

Usually in directly constructing solitonic string or brane backgrounds, one considers only 
supergravity solutions corresponding to solitons with bosonic excitations. For example, [4] 
discussed BPS fundamental strings with no fermionic excitations which carried a null wave 
in the transverse plane. Note that in the context of AdS/CFT one is interested in switching 
on supersymmetry preserving vacuum expectation values or operator deformations. Thus 
implicitly one is discussing solutions in which one has switched on fermionic excitations on 
the branes. 

Generically, switching on fermion excitations on branes or strings gives rise to super- 
gravity backgrounds which involve harmonic functions with different harmonics than on the 
static brane, That is, the sources in the supergravity equations of motion have a different 
structure than when the excitations are purely bosonic. We will discuss this in detail later 
in the paper but there are two intuitive ways to understand this. The first is to compare the 
couplings between the supergravity metric (and other fields) and the bosonic and fermionic 
excitations on the brane. Take the case of most interest in this paper, the fundamental 
string. Then the bosonic excitations X 1 couple to the metric gjj, schematically as 




(1.1) 
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but the fermions ip 1 couple not just to the metric but also to the connection Yjjk via 

J d 2 xT IJK ^ I dX J ^ K . (1.2) 

(The exact action in a general NS-NS background involves also couplings to the Riemann 
tensor, and will be given later, but this does not affect the general argument given here.) 
Since the fermions couple to the derivative of the metric, rather than the metric itself, one 
would expect that fermionic condensates give rise to subleading behavior in the harmonic 
functions they source. Indeed this turns out to be the case, as we will show in detail here: 
the bosonic terms give rise to delta function source terms, whereas the fermions lead to 
I = 1 source terms, of the form T l di5(x) where T l is some given vector determined by the 
worldsheet fermion sources. 

A second and rather more generic way to see that fermionic condensates lead to different 
harmonics in the supergravity fields is via the AdS/CFT correspondence. Operators built 
from fermionic bilinears generally have different dimensions and R-charges to those of purely 
bosonic operators. The usual AdS/CFT dictionary tells us that the asymptotic behavior 
of fields in the dual supergravity background is determined via the dimensions and R- 
charges of these operators. Thus the (subleading) supergravity asymptotics of solutions 
dual to theories in which there are vacuum expectation values (vevs) or deformations of 
operators in the same multiplet need not be the same. Typically, a supergravity solution 
corresponding to a fermion bilinear vev or deformation may have dipole moments absent in 
the purely bosonic case. 

This brings us to the main motivation of this paper. Mathur and collaborators have 
conjectured (in a series of papers, see [10, 11, 12, 13]) that if one considers the D1-D5 system 
(and its generalizations) the corresponding supergravity geometry is not the naive geometry 
with near horizon limit AdS% x S* 3 . The claim is that for each vacuum in the D1-D5 CFT 
there is a corresponding supergravity geometry which has no horizon. Furthermore, for 
all of the examples known in the 2-charge system the geometry is actually non-singular 
[14, 15], a somewhat surprising result since the generic geometry is certainly not weakly 
curved everywhere and one would not expect string corrections on the geometry to be small. 

There are a number of arguments in favor of the matching between the individual ge- 
ometries and corresponding vacua in the CFT, such as scattering calculations [10]. Perhaps 
the clearest way to match the geometries would be to take appropriate decoupling limits to 
extract the asymptotically AdS regions, and then match the near boundary asymptotics to 
the field theory via the standard AdS/CFT dictionary. (In particular, one should use the 
work of [16] and [17].) This has not yet been done in detail, although one does see in the 
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known geometries, for example, a manifest matching of R-charges (in the cases where part 
of the 50(4) R-symmetry is preserved). The new claim made here is that if one did try to 
carry out this matching with the known 2-charge D1-D5 geometries, one would find that 
these were insufficient to match with operators in the CFT built from fermion bilinears. In 
other words, we would claim that the most general 2-charge geometry is not known, and is 
not within the class of solutions written down previously. 

One can see this as follows. The D1-D5 supergravity solutions were obtained by a series 
of dualities from the Fl-P system. Now in the latter system the microscopic counting of 
BPS states with a given winding number n\ and momentum n p around a circle in the 
geometry is well-known and rather simple. In the large charge limit, the number of states 
behaves as 



where c is the central charge. As we will review in the next section this formula arises 
from the number of ways of partitioning the excitation amongst distinct oscillators in the 
large charge limit. To match the counting with the D1-D5 system, one needs to effectively 
freeze excitations in four transverse directions, and thus include only four bosons and four 
fermions, giving c = 6; one does indeed get agreement with the D1-D5 counting in this way. 
In previous literature, the supergravity geometries corresponding to purely bosonic states 
were constructed, and it is these that were dualised to give the geometries in the D1-D5 
system. However, we can see that there are also an exponentially large number of BPS 
states involving fermion bilinears, for which the geometries are unknown, even in the Fl-P 
system. Put another way, we have only four chiral bosons worth of geometries, whereas to 
match with the microscopic counting one would expect an additional four chiral fermions 
worth of geometries, and these are missing. To get the most general supergravity geometry 
within this Fl-P two charge system, one needs to know these geometries and this is the aim 
of the current paper. The resulting geometries exemplify the previous discussions, in that 
the harmonic functions involve different harmonics to the purely bosonic geometries. 

The plan of the paper is as follows. In §2 we discuss the quantum states in the NS1-P 
system, demonstrating that states with fixed winding and momentum generically involve 
fermionic excitations. In §3 we review previous constructions of the solitonic string super- 
gravity geometries corresponding to the quantum states of the NS1-P system which do not 
involve fermionic excitations. In §4, §5 and §6 we construct geometries corresponding to the 
generic microstate of the NS1-P system. In §7 we discuss the matching of the geometries 
with microstates; the applicability of the supergravity approximation and the corresponding 




(1.3) 
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geometries in the dual D1-D5 system. Finally, in §8 we summarize our results, and discuss 
outstanding issues along with directions for future research. Conventions and a number of 
technical issues are the subjects of several appendices. 

2 The NS1-P system 

We consider a two charge system, the NS1-P system, in which the fundamental string 
carries winding number n\ around a circle, momentum n p along the circle and left moving 
excitations at some level Nl but is in the right moving vacuum Nr = ^. The fundamental 
string state then manifestly preserves the supersymmetries originating from the right moving 
sector. 

The mass of a string state in the NS-NS sector is given by 

m 2 = (2nR ni T - + 8ttT(N l -±) = {ZirR^T + >) 2 + 8ttT(N r - 1), (2.1) 

where R is the radius of the circle and T = l/(2ira') is the tension of the string. In the 
right moving vacuum 

(N L --)= nwp, (2.2) 

and 

ft 

m= (2im 1 RT + ^). (2.3) 
R 

The level is written in the usual way in terms of left moving oscillators 

N L = -Y, a ~n a nl + ~, V r0l r Ir , (2.4) 
n r 

with the commutation relations being 

[a I m ,a J n ]=ma'rj IJ 8 m+n , {/3*, (3 J S ) = \a'r] IJ 5 r+s , (2.5) 

where r is half integral since the worldsheet fermions are anti-periodic in the NS sector 1 . 
For Nl macroscopically large the number of states behaves as 

M ~ e^v^ZTe, (2.6) 

where c is the central charge. Later we will be interested in making contact with the D1-D5 
system, for which one compactifies four directions on a torus and freezes all excitations 
1 Note the unusual conventions for the fermionic oscillators, f3* rather than the usual b\.. To avoid confusion 
we reserve b l r to denote classical coefficients of the fermion field mode expansion. Correspondingly we use 
a„ to denote quantum oscillators and a„ to denote the coefficients of the boson field mode expansions. 
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along these directions. This means that one would only count states involving bosonic and 
fermionic oscillators not along these directions, giving an effective central charge of 6, from 
the 4 bosonic oscillators and the 4 fermionic oscillators. 

The physical states at this level follow from the GSO projections along with the usual 
physical state conditions L n \ <fi) = G r \4>) = (where the right moving part of the state 
is suppressed since in all that follows it is the right moving vacuum). The relevant GSO 
condition is (— ) Fl = 1 and thus all states involve an odd number of fermions, i.e. they are 
built by acting with bosonic oscillators and even numbers of fermionic oscillators on the left 
moving NS vacuum 



for which k 2 = and e ! kj = 0. 

Since each such state is BPS, there should be a corresponding object as the coupling a' 
is increased and the backreaction is taken into account. First we should clarify exactly what 
we mean by correspondence. We will relate BPS states in the closed string spectrum to su- 
pergravity geometries which preserve the same supersymmetries, in a discussion analogous 
to that relating D-brane boundary states (again in the closed string Hilbert space) to su- 
pergravity geometries. In the latter discussions it is frequently implied that the string state 
and supergravity background are the same object, at weak and strong coupling respectively. 
However this statement is manifestly not well defined, since a state is not an observable. 
What one is actually referring to is a correspondence between non-renormalized observables 
in the two limits. Similarly, whilst one may loosely talk about a BPS asymptotically AdS 
geometry being dual to a specific BPS operator in the dual CFT, this is also not a well 
defined statement, and should instead be phrased in terms of a correspondence between 
observables in the bulk and those in the CFT defined in terms of vevs or deformations by 
this operator. We will return to this issue later, but having clarified what we mean by 
correspondence let us now turn to the supergravity solitons. 

For BPS states in the fundamental string spectrum, corresponding solitons in super- 
gravity can be identified in the following way. One adds to the supergravity action 



(where RR fields are suppressed since we consider only NS-NS backgrounds) source terms 
for the NS-NS fields arising from the presence of a macroscopic string. These follow from 
the sigma model action for a general NS-NS background, namely [18, 19, 20] 



e ; k) NS — ej/^Ljyj |0; k) NS , 



(2.7) 




(2.8) 




(2.9) 
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Here the worldsheet metric has been fixed as 7+_ = — \ with the worldsheet gravitino set 
to zero; the gauge fixing and conventions are discussed in appendix A. ip± are negative and 
positive chirality worldsheet spinors on which the covariant derivatives act as 

d^L = (d+tL + ir'jK-hH'j^d+x'^y, (2.10) 
= {d-tf + + {r I j K + $H I j K )d-X J ti<), 

where the connection and torsion are defined in the usual way as 

Tijk = \ipxgu + djgiK - djgjx); (2.11) 
Hijk = djBjx + OjBki + OkBu, 

and the curvature includes the torsion, namely 
R\jkl = Rukl + \{DrHlij — DlHkij) + \G MN (HikmHjln — HilmHjkn), (2-12) 

with Rijkl the Riemann tensor. R\) KL is the curvature of the torsionful connection 

and is related to that of by R^fj KL = R^klij- ^ n this gauge the superconformal 

generators are 

t ++ = ^(- giJ d + x I d + x J + ^g IJ ^ + D^ ) 1 piy, (2.13) 

T — = -^(-gijd-X'd-X' + ±ig IJ tf_Dt ) il>ly, 
J+ = ^(gu^ + d + X J + ^H UK ^i^y 

J = ^(gijipLd-X- 7 - ^H IJK ^_^K), 

where the covariant derivatives act as 

D^Vi = (d + ri. + (r I j K + lH I j K )d + X J 1 (,Zy, (2.14) 
Dt^L = {d-^L + ^jK-lH'j^d-X 3 ^), 

and for brevity we give the constraints onshell with respect to the fermion field equations, 
which are 



D^tf. = \R* JKL i> J + ^ L _; DfVl = -^jkl^-^I- (2-15) 
Note that the bosonic field equations are 



D^d-X 1 = (d + d-X I + (T I j K -±H I JK )d + X J d-X K ) (2.16) 
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where the fermion field equations have again been used. 

The aim is then to associate with each BPS state \<p) in the NS-NS sector in flat space 
(with giving winding and momentum charges) a corresponding solution (X(a),tp- (a),ip + (a)) 
of the classical sigma model equations (imposing super-Virasoro constraints) within the 
curved background (gu, Bjj,(f>) which these worldsheet fields source. In practice this is 
rather subtle, not least because of the coupling between the worldsheet and spacetime 
equations of motion and previous discussions have been restricted to the bosonic sector 
[3, 4]. That is, only the supergravity solutions corresponding to states 

\{{a I l mi r\e-k-n 1 ;n p ) NS (2.17) 
i 

with total excitation number Nl were discussed. As we will review in the analysis below, 
these states correspond to supergravity solutions describing oscillating strings carrying a 
left moving wave whose profile relates to the specific distribution of the oscillators in (2.17). 

More generally, however, a BPS state at level Nl will involve even numbers of left 
moving fermionic excitations - and one would like to know the supergravity background 
associated with a string carrying such a fermionic condensate. In order to consistently 
solve the coupled worldsheet and supergravity equations, one needs an ansatz for both 
the worldsheet and supergravity fields. The former follows from considering the classical 
a' — > limit at zero string coupling. It is clear from considering the mode expansions 
of the worldsheet fields in the flat background that such states can be described by fields 
(X(a), Y>_ (x~)) with ip + = 0. V- is purely left moving because of the field equations in flat 
space; the fields must also satisfy super-Virasoro constraints and give the correct winding 
and momentum along the circle. 

In general the solution for the worldsheet fields will be renormalized as the coupling is 
increased and the backreaction on the supergravity fields is taken into account. Indeed, this 
is already manifest from the general sigma model action because, for example, ip-{x~) does 
not satisfy the fermion field equation in an arbitrary background. It is however consistent 
for ip + to remain zero since it appears quadratically and quartically in the action and is 
thus not sourced by any of the other worldsheet fields. Furthermore, preservation of one 
half of the worldsheet supersymmetry will require that it remains zero; this follows from 
the supercurrents given in (2.13). Therefore the general ansatz for the worldsheet fields 
will be (X(a), ip- (cr)), which will be restricted further below, by fixing residual conformal 
symmetries. 

The supergravity background must match the string state in symmetries, supersymme- 
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tries and conserved quantities. In particular, it should admit eight right moving supersym- 
metries and a null Killing vector, since there are no right moving excitations. It should also 
describe a solitonic string. 

The most natural guess is that the appropriate supergravity solution is a general chiral 
null model [21, 22], namely 

ds 2 = H~ 1 (x,v)(-dudv + K(x,v)dv 2 + 2A i (x,v)dx l dv) + dx'dxf, 
B uv = \H- l (x,v)- B vi = H- 1 {x,v)A t (x,v); <f> = -\ ln(H(x, v)). (2.18) 

The supergravity equations of motion, including the worldsheet sources, are 

Dl{e ^ H u K) = _ii^(^(x-X(a)));(2.19) 

T IJ = (R IJ + 2D I D J 4>-\H IKL H J KL ) = ^f£tJ-( S(T 5 w (x-X(a))), 

whilst the dilaton equation of motion has no worldsheet sources 

4D 2 (f) - 4(D(f)) 2 + R- -^H 2 = 0. (2.20) 

In the bulk of the spacetime, away from the sources, these reduce to the following three 
equations 

T uv = -2d 2 H = 0; (2.21) 
T ui = 2(djF ji + d v diH) = Y i = 0; 

T uu = 2(-Hd 2 K-Kd 2 H + A i Y i + 2Hd v {d i A i -d v H)) = 0, 

where Fij = d{Aj — djAi and d 2 = did 1 . These equations result from those terms in the 
Einstein equations which are not already automatically satisfied by the ansatz; the first 
two equations also follow from the three form equations 2 . (They coincide because of the 
structure g v j = B v j.) The most familiar solitonic solutions (reviewed below) are those for 
which H is independent of v and the Lorentz gauge diA % = is chosen so that H and K 
are harmonic and F is coclosed. In particular, when only H is non-vanishing, the solution 
is such as to describe a static fundamental string. We will however be interested in more 
general solutions. Note for later use that the form of the T ul and T uu equations suggests 
that the natural gauge choice when H depends on v is diA 1 = d v H. 

2 These equations differ from those given in [11, 12] for generalized chiral null models in which H depends 
on v; these papers do not include the terms depending on the v derivatives of H. However, their explicit 
solutions solve the equations given here rather than the equations given there. Their gauge field Ai also 
manifestly satisfies the gauge condition diA % = d v H rather than the Lorentz gauge condition. 
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Also, as pointed out in [21], all but the zero mode of K can be removed by a coordinate 
transformation. That is, if u — > (u + x(v, x)) so that du — > (du + d v \dv + dixdx 1 ), the form 
of the background is preserved, but with 

K^(K- 8 vX ) , A - - Si X ). (2.22) 

By suitable choice of one can remove all but the zero mode of K. This invariance 

is manifest in our explicit solutions; only the v independent piece of K will carry physical 
information. 

We should also briefly comment about the exactness of these backgrounds. When there 
are no source terms, the supergravity equations of motion reproduce the conditions for 
exact conformal invariance of the worldsheet theory to all orders in perturbation theory 
[21]. Thus, for example, gravitational wave solutions (for which there are no sources) are 
exact. In this paper, however, we are interested in including fundamental string sources and 
therefore the backgrounds are no longer exact. One does have to justify the self-consistency 
of the supergravity approximation and we will return to this issue at the end of the paper. 

Regardless of the specific choices of the functions and the gauge field the background pre- 
serves one quarter of the super symmetry. This follows from the supersymmetry variations 
for the dilatino and gravitino 

SX = tfdKfa* - \RijKl IJK r))\ (2.23) 
5*! = (d lV + \(uf lab r,-Hf b labV *)), (2.24) 

where 77 = (ei + 162) is the complex Majorana-Weyl spinor of type IIB. One can easily show 
that the background (2.18) admits eight spinors satisfying e\ = e^e\ where e\ is constant 
and satisfies the null projection condition Y e i = 0- 

Thus the background (2.18) satisfies the two primary requirements for it to correspond 
to solitonic string solutions: it has a null isometry and the requisite supercharges. We will 
now discuss the matching between fundamental string sources and the functions appearing 
in the metric. 

2.1 String sources 

We have reduced the coupled worldsheet and spacetime equations to the problem of (i) 
finding solutions of the worldsheet field equations and constraints and then (ii) showing that 
these consistently give rise to the required source terms in the spacetime field equations. 
To solve the coupled supergravity and worldsheet equations for the corresponding string 
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soliton, we will proceed by making various assumptions which will be justified by being able 
to self-consistently solve the coupled equations. The first assumption we make is, as already 
mentioned, that the classical worldsheet solution has ipL = 0; that is, these fields are not 
renormalized as the coupling is increased. This is a reasonable and rather weak assumption, 
because it guarantees that the classical solution preserves worldsheet super symmetries. 

The remaining worldsheet field equations (2.15) and (2.16) are consistently solved pro- 
vided that 

{8 + ^_ + T T Pd + X J ^ ) = 0; (2.25) 
(d+d-X 1 + T I } K ) d + X J d-X K ) = 0. 

The non-vanishing components of the torsionful connection are collected in appendix B; in 
particular, it is important to note that T 1 ^ ^ = 0. This means that the worldsheet field 
equations are automatically satisfied by any V(x~), J'(i^) and ip-(x~) with U the only 
coordinate that depends on x + . Using the residual conformal symmetry one can then fix 
the lightcone coordinates to be 

U = kx + +W(aT); V = lx~ , (2.26) 

where (k, I) are as yet arbitrary constants and U is an undetermined function. This choice 
corresponds to a static gauge in which the solitonic string wraps the lightcone directions. 
Note that the general form of this worldsheet solution is unchanged from that in the flat 
background. 

The sources in the supergravity equations induced by these worldsheet fields are then 

^T uI = J d 2 a{d + U) (2(d-X I )S(x I - X 1 ) + id K (^L^5(x M - X M ))) , (2.27) 

where the derivative is with respect to the spacetime coordinate, rather than the worldsheet 
field, namely dx = d/dx K . 

3 Bosonic condensates 

Let us first review earlier discussions [4, 12] for purely bosonic worldsheet condensates, such 
that tpL = 0. Because of bulk diffeomorphism invariance, the most general bosonic solitonic 
string can be generated from a worldsheet solution in which the transverse coordinates 
X 1 are chosen to be a constant, fixed by translational invariance to zero. The only non 
vanishing components of the constraint equations are respectively then 

= g vv (d+V) 2 + 2g vu (d + V)(d + U) = g vv (d„V) 2 + 2g vu (d-V)(d-U), (3.1) 
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which need to be satisfied only on (and in the neighborhood of) the worldsheet itself, 
that is, at X 1 = x % = 0. Now to solve these equations one needs the behavior of the 
metric components, but these in turn are determined by the sources, so one has to solve all 
equations simultaneously and consistently Since there are no sources for the T ut equation, 
the background has Ai = and H independent of v; both H and K should then be harmonic 
away from the sources, with the source terms being 



A generic harmonic function T(x, v) on R d 2 (with coordinates x) can be decomposed into 
spherical harmonics Yj as 



Terms that go as x 13 with (3 = can be removed by coordinate transformations; requiring 
that the dilaton approaches zero at infinity (note that implicitly g s = 1) fixes the constant 
term in the function H(x, v) to be one. The constant term in K(x, v) can be removed by 
a coordinate transformation and indeed must be for the metric to be asymptotically flat; 
therefore we set it to zero from the start. 

Terms with (3 > 2 give rise to a metric which is not asymptotically flat even after coor- 
dinate transformations. Terms with (3 < (1 — d) do not contribute to conserved (monopole) 
charges such as the mass and do not match onto string sources involving only bosonic world- 
sheet fields. They will however play an important role in later discussions of the fermionic 
condensates. The two terms which are distinguished here are the (3 = 1 and (3 = (2 — d) 
terms; the latter are associated with the mass and momentum of the string. 

Now let us take an ansatz that the harmonic functions of (2.18) behave as 



where the string is localized in d transverse dimensions labelled by x. We have allowed the 
string to be only partially localized in the transverse space for greater generality; implicitly 
we are assuming d > 3 so that the resulting spacetime will be asymptotically flat. 

With these choices the leading order terms in (3.1) are (d+Vd+U) = (d-Vd-U) = 
and are satisfied provided that 




(3.2) 




(3.3) 



l>0 




(3.4) 



U = kx + ; V = lx~ 



(3.5) 
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with (k, I) as yet still arbitrary. Note that with the ansatz for the background both g vv and 
g uv actually vanish on the worldsheet and so the equations (3.1) would still be satisfied for 
arbitrary U = U(x + ) + U(x~), V = V(x~) + V(x + ). However, the equations should also 
be satisfied within the neighborhood of this hypersurface, as we will discuss further below. 
Thus, even though g uv ~ x 2 — > 0, if we solve the equations in the neighborhood of x = 
the possible U and V are restricted to U(x + ) and V(x~) only which using the residual 
conformal invariance can be fixed to (3.5). 

We still have to justify the ansatz for the harmonic functions, and this follows from the 
source equations (3.2). In the first equation of (3.2) is a source which matches the solution 
for H in (3.4). Given this behavior for H, the second equation is well-defined and non- 
singular only if K vanishes on the worldsheet. Following the discussion above, this restricts 
K to be linear in x, since we expect that the solution should be asymptotically flat. 

The matching of the parameters in the solutions (3.4) and (3.5) is then 

2 

k = (fj, + Rm); l = Rni; Q = — 1 , (3.6) 

ira'(d - 2)uj d -i 

where the string wraps n\ times around the spacetime circle of radius R as the worldsheet 
coordinates goes from to 2ir. The constant fi is given by 

-i i-2-wRni 

/i = — ^ dv(d v f) 2 , (3.7) 

where F % = 2d 2 f l and (d v f) 2 = (d v f) ■ (d v f). In the form (3.4) the supergravity solution is 
not asymptotically flat, but it can be brought into asymptotically flat form by the coordinate 
transformations 

X* - (a;* - /*); u - u - 2d v f ■ (x - f) - J" (d'J)) 2 dv' . (3.8) 

This gives 

ds 2 = -H^dudv + iH- 1 -l)(d v f) 2 dv 2 + 2(H~ 1 -l)d v f ■ dxdv + dtfdyi, 
B uv = \(H- l -l); B vi = d v h(H- 1 - 1); (3.9) 

e~ 2 ^ = H = (l + Q ^ 



X \*-f\ d - 2 )' 

in which coordinates it is clear that the metric describes a wrapped oscillating string. Note 
that this background is also a chiral null model of the more general kind, in which H depends 
implicitly on v and the gauge field is non-zero, satisfying the gauge condition diA 1 = d v H. 
For later use, consider the asymptotic behavior of the g vv component of the metric in (3.9), 
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which determines the momentum in the v direction. Fourier expanding g vv , one finds that 
the zero mode term as x — > oo is 

a'n p Q ripK 2 



n\R 2 \x\ d 2 irR 2 (d — 2)u>d-i\x\ d 
Given that the background is asymptotically flat, one can write down an energy momentum 
tensor defined with respect to a flat background; this is done in [4] and we will not repeat 
the details of this discussion here. The mass per unit length of string is then identified as 
ni/2ira' whilst the lightcone momentum per unit length is —n p /2irR 2 . 

In the transformed coordinates the solution for the string worldsheet fields is 

/V 
dv'(d' v f) 2 ; X i = f(v). (3.11) 

One can repeat the previous discussion to show explicitly how the Virasoro constraints, the 
worldsheet equations and the supergravity equations with sources are satisfied, but this of 
course is implied automatically by the previous analysis. 

These worldsheet fields also satisfy the field equations and Virasoro constraints in the 
flat space limit. Using the standard mode expansions for fields in flat space, one can write 
down a classical solution for a string wrapping a spacetime circle, carrying momentum along 
this circle and carrying left moving excitations as 

77 77 ... 

V = ni Rx-; U = {n 1 R + a'-^)x + + a'^x- + U'{x-)- X 1 = f l {x~) = f{v), (3.12) 

R R 

where n\ is the winding number around the circle and n p is the integral momentum around 
the circle. The lightcone coordinates v and u are related to the time and circle coordinates 
by v = (t + y) and u = (t — y). Both f l (x~) and U'(x~) are arbitrary functions periodic in 
x~ . Imposing the Virasoro constraints, and relating (3.11) and (3.12), one finds that 

^=^f = ^J o Mdvf) 2 ; J {d vl ffdv' = ^x- + U'{x-). (3.13) 

Note that the original solution (3.5) also manifestly satisfies both the classical worldsheet 
field equations and the constraints in flat space. 

From the form of (3.12), one can see more specifically what quantum states the super- 
gravity solutions relate to; they are of the form (2.17) with 

\\{c^ mui ) n ^(a\ nH ) n n \e;k; ni ;n p ) NS . (3.14) 
l 

That is, they involve left moving excitations in the u and x l directions, with the former fixed 
by the Virasoro constraints in terms of the latter once the excitation number is given. So 



(3.10) 
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roughly speaking the non-zero coefficients in the mode expansions of the /* correspond to the 
oscillators a!_ m . appearing in the state, with the magnitude depending on . As already 
mentioned this is not a statement that can in general be made precise, since there is not a 
one to one correspondence between quantum states and classical vibrational profiles. We 
will return to the matching in §7 when we discuss the regime of validity of the supergravity 
approximation. 

Finally, before moving on to supergravity solutions with fermionic worldsheet sources, 
we should point out a subtlety suppressed in the above discussion. (Our review was aimed 
at illustrating the basic ideas involved in matching worldsheet sources to supergravity fields 
before moving on to rather more complicated cases. Thus we suppressed various subtleties 
so as not to obscure the main points.) Our discussion has followed that of the original paper 
[4] but in a more recent paper [12] the implications of the string winding in the spacetime 
were discussed. In the above discussion the solution is written in such a way that it is not 
manifest that the string has n\ strands: the solution is effectively written in a covering 
space for v in which the string has only one strand rather than in the physical space where 
the supergravity fields are expressed as a sum over these strands. This issue was the subject 
of [4]. We will not repeat their discussion here, because later we will discuss in detail its 
generalization to our solutions. Suffice to say that their multi-strand solution for the case 
of purely bosonic excitations can be obtained from our more general solution of (6.2) by 
setting the fermionic sources to zero. 

4 Fermionic condensates 

Now we proceed to more general worldsheet field condensates, (X(a), Y>_ (cr)). Let us start 
with quantum states built from left moving fermionic oscillators only and no transverse 
bosonic oscillators. That is, the relevant quantum states are 

U^-rn^^rl^k^-np)^ , (4.1) 
I 

where the total number of fermionic oscillators is even (and of course each fermionic os- 
cillator occurs only once). It is quite straightforward to use the standard expressions for 
the superconformal generators to show that there are such physical states, with requisite 
momentum and winding number, provided that one chooses the u excitations appropriately. 
We will demonstrate this explicitly with corresponding classical worldsheet solutions. That 
is, following the logic of (3.12) suppose that (before taking into account backreaction on 
the supergravity fields) these states relate to classical worldsheet solutions in flat space of 
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the form 



a'n n . , a'n r 



U=( ni R+^)x + + ^x~ + U'(x~); V = ni Rx~- ^_{x~), (4.2) 
R R 

with x l = = ip* + , U' (x ) an arbitrary periodic left moving function and ipL(x ) an ar- 
bitrary anti-periodic left moving function. The vanishing of the right moving fermions is 
manifest since the quantum state contains no corresponding right moving fermionic oscil- 
lators. Note that the bosonic ansatz already enforces the winding and momentum number 
conditions on the y circle necessary to match those of the quantum state. 

The classical superconformal constraints from T and J_ then impose the conditions 

a'nmp + mRd-U' + \i-qij^Ld-^i = 0; (4.3) 

rv ft 

C^ + d-U')il) v _+n 1 R^ u _=Q. (4.4) 
R 

For later use, let us note that if we eliminate ijjt then the T constraint can be rewritten 

as 

(d v U) = _L(i#_a^L)(l + -L- r _ dv ^_). (4.5) 
A generic left moving antiperiodic fermion can be expanded in modes as 

^ = E ^ rx ~, (4.6) 

where the requisite reality conditions are bL r = (&£)* an d since this is now a classical 
solution all b T r anticommute. Fermion bilinears are necessarily periodic in x~; in particular, 
the combination appearing in (4.3) is 

\i mj ^_d^ J _ = —Tju £ rbi_ r b J r e mx ~ , (4.7) 

r,n 

where r 6 and ii£Z. The zero mode constraint in (4.3) gives 

a'nin p = rju ^ rbL r b J rl (4.8) 

r 

whilst the non-zero mode constraints give 

9 - U ' = ^R VU £ <-r h ^ mX ~ ■ ( 4 -9) 

The physical meaning of these constraints is that constant part of the fermionic condensate 
matches the left moving excitation number, that is, the product of the winding and mo- 
mentum numbers. If the fermionic bilinear condensate is not constant, then a bosonic left 
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moving excitation is induced by the remaining Virasoro constraints. The first equation (4.8) 
corresponds to the vanishing of Lq whilst the vanishing of all terms in (4.9) corresponds to 
the classical vanishing of all L n . 

The second equation in (4.3) imposes a further constraint on the components of the 
fermions along the lightcone directions; this constraint relates to the unfixed residual su- 
perconformal symmetry. That is, the natural fermion gauge choice corresponding to the 
gauge choice for V is to set = 0; we are effectively in lightcone gauge. Then the second 
equation in (4.3) implies that = 0. More generally, suppose we consider states which also 
have a transverse left moving bosonic excitation X' l (x~). Then the classical super confer mal 
constraints imply that 

a'nmp + ni Rd-U - d-X i d-X i + ±% J V-d-V'- = 0; (4.10) 
+ d-U)4> v _ + ni R4>l -^ l _d-X l = 0. (4.11) 

R 

In this case, one can still impose the gauge choice ^> v _ = 0; the lightcone fermion is then 
non-dynamical, being determined in terms of the transverse fermions and bosons, as we 
expect in a lightcone gauge. Therefore, for a general (large) left moving excitation number, 
we find that there are eight chiral bosons and eight chiral fermions worth of solutions to the 
classical constraint equations. If we freeze excitations in four transverse directions, keeping 
in mind making contact with the D1-D5 system via dualities on a T 4 , then we have four 
chiral bosons and four chiral fermions worth of solutions. 

Now let us consider the backreacted supergravity solutions with sources. We consider 
first the case where the string is located at a constant position in the transverse space, which 
by translational invariance is fixed to be the origin x l = 0. We defer the general discussion 
in which transverse bosons are also excited to later. We have already demonstrated that 
the worldsheet equations of motion in the curved background are automatically satisfied 
by any V(x~), ipL(x~) with U the only coordinate depending on x + . Using the residual 
conformal invariance we fix the lightcone coordinates as in (2.26). The resulting sources 
(2.27) are then 

T uu = [ d 2 <j{d+U) (2(d^U)5{x M - X M ) + UdM u _^ v _) + ^idi)S(x M - X M )) ; 

7TCt J 

((2 ni Rd v U(v) + id v {^ u _ {v)i) v _ (v)))5 8 (x) + iip^(v)ipl (v)di{5 8 {x))) ; 



ira'niR 

,2 



T uv = —, f d 2 a{d + U) (2(d_V)5(x M - X M ) + i 1 p v _^ i _d i {5{x M - X M ))) ; (4.12) 

7TQ' J 

{2{n 1 R)5\x)+ir-{v)^{v)d l {5\x))) ; 



k 2 



ira'niR 
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^ J d 2 a{d + U) ((d v W_r-) + ip l -ip1d k )6(x M - X M )) ■ 
ira'riiK \ 



Here the dependence of the sources on the lightcone coordinate is also made explicit. These 
expressions are implicitly written in terms of a lightcone coordinate v which runs between 
and 2im\R, that is, in the covering space. In the physical space, however, there are n\ 
strands of a multiwound string and the sources should be written as a sum over the strands. 
It is more convenient to solve the equations in the covering space, and then rewrite the 
result at the end in the physical space. (There are various subtleties involved in this, to 
which we will return later.) Note also that we have not imposed a lightcone gauge choice 
^) v _ = 0; we have left the residual superconformal gauge invariance unfixed. 

The main new feature of the fermionic sources is that they involve derivatives of Dirac 
delta functions. Take first the T uv equation which determines the function H(x,v): 

d 2 H = 'f— (( ni R)6 8 (x) + \iV-{v)^{v)di{5\x))) . (4.13) 

The first term on the righthandside corresponds to the / = 0, (3 = (2 — d) term in the 
harmonic function, and relates to the mass of the solitonic string. The second term, however, 
corresponds to a source for the I = 1, (3 = (1 — d) term in the harmonic function, and will 
give a dipole moment at infinity. Explicitly solving the equation one finds 



H=[l + — „ , " : (1 + — J— #V di)—^ I . (4.14) 

1 T na'{d - 2)uj d ^ y 2 ni R l> \ x \ d ~ 2 1 



The constant term is as usual required for the metric to be asymptotically flat and for the 
string coupling to approach a constant at infinity. The T u% equation reduces to 

(djFi' + dvdiH) = 2jr l f niR (94^-WCW))^ 8 W + f:W^W4(5 8 (x))) . (4.15) 

As mentioned after (2.21) the most natural gauge choice is diA 1 = d v H, in which case one 
gets 

d 2 A* = 2n l f niR (d^l(v)^(v)))S\x)+^(v)^Uv)d k (5\x))) , (4.16) 
which is solved by 

A ' - -W^J^.n.it^-'^-W'^-'^-^'i^' (417) 

where the constant term is zero to ensure asymptotic flatness. Note that the solution 
is manifestly consistent with the gauge condition diA 1 = d v H. One might wonder why 
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diA 1 = d v H is the natural gauge choice, rather than the usual covariant gauge choice, the 
Lorentz gauge diA % = 0. This is discussed briefly in appendix E, the issue being that the 
solutions are rather more complicated in the Lorentz gauge. The remaining equation is 

K 2 

{-Hd 2 K - K8 2 H + A i Y i ) = -((2d v U{v) (4.18) 

2na 



Let the solution for K be 



Then the T uu equation implies 



+id^(v)r-(v)))5\x)+i^(v)^_(v)d i (6\x))) . 



K = (k + k i d i )—^. (4.19) 
\x\ 



k = W^t,^- 1 ^ 1 ' 41 *-*-^ (420) 

2 

k' 1 = * ), (4.21) 

along with the following constraints 

2n 1 R(2n 1 Rd v U + id v {^ v _)) + (d^i^l)) 2 = 0; 
i^l{niRd v U + \id v {^ v _)) + iniRiplipi + ip k _ipid v (ip k _ip v _) = 0; (4.22) 

(^^i)(^V'-) + (V'-^-)(^-V'-)-(^v , -)(V'i^-) = o. 

These constraints follow from the cancellation of all non-distributional terms on the left hand 
side of (4.18), namely the terms proportional to \x\ 2 ~ d 5 8 (x), \x\ 2 ~ d di5 8 (x), di \x\ 2 ~ d 5 8 (x) 
and di \x\ 2 ~ d dk5 8 (x). This is necessary for the following reason. The string sources are not 
functions, but Dirac delta functions and their derivatives. There are many smooth functions 
which in appropriate limits represent delta-functions, but the resulting spacetimes depend 
explicitly on the function used to represent the delta function [23] . Only in the case where 
the energy momentum tensor is itself a distribution are the limiting spacetimes the same. 
Therefore if the distributional string source is to uniquely determine a spacetime the lefthand 
side of (4.18) must also be distributional. 

Imposing classical nilpotency of the fermions, these constraints reduce to 

n 1 R{2n 1 Rd v U + id v (^ v _)) = -(ipid v ^i)(tp v _d v ^ v _); (4.23) 
{i ni R^ u _ +^-3^-^-)^- = 0, (4.24) 

with all other terms vanishing automatically. 

We still have to show that the superconformal constraints can be satisfied in this back- 
ground with these string sources. The superconformal constraints T and J_ respectively 
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become 

= -(d„V) 2 g vv -2g vu {d-V)(d-U) + \ig I ji) I _D { - ) i) J _ ] (4.25) 
= gw(d-VWL + gvu{{d-UW- + {d-V)^ u _) + g vi (d-V)ipt_ - ^H IJK ^ J _^, 

which must be satisfied on and in the neighborhood of the worldsheet. Expanding the metric 
components in the vicinity of the worldsheet, and using the nilpotency of the fermions, one 
finds 



-2g uv = H-i = W( ' -p^ 1 |*r 4 ML*' + \ X t 2 + •••); (4-26) 

k 2n\R 



9vv = h- i k = ' {d J] 2 {-v-W-j) + + ^\d v {^-)) + ■■■), 

2n\R\x\ IniK 

9m ~ 1 ~ ( 2mR | X | 2 4( ni R)^-^- X) \ x f + j ' 

where the ellipses denote sub leading terms. Given these expansions the leading terms in 
the superconformal constraints are of order x _1 and impose the conditions 

ip-ip v -*l>- = (i(d v U)d-V4> v _ - ivpld-V - 4>id v 4>ii> v _) = 0. (4.27) 

Note that the first equation holds for all i. These constraints are consistent with the 
solvability constraints obtained already in (4.23) provided that 

f- = jWf, (4.28) 
for any arbitrary function g{y) with the conditions 

imRg{v) + tfld v ^ k _ = 0; (4.29) 

2 ni R8 v U = \ B W.d v $\_)ty v _d v il> v -) = ig{v)(r-d v V-)- (4-30) 

n\R 

Just as for the classical equations in flat space, the superconformal constraints mean that 
ip't and IA are completely determined by the fermions {tp^ , ip l _ ) . For any choices of the latter 
one can solve these equations. However, for the solution to have a given momentum n p per 
unit length, and hence to correspond to the states of interest, one needs to impose a further 
constraint on the zero mode of d v U which reduces the freedom in the Grassmann functions. 

Furthermore, not all choices of the fermions will produce physically distinct solutions: 
as already mentioned there is a residual superconformal invariance which has not yet been 
fixed. This is the reason there are nine free Grassmann functions, whilst one might have 
expected only eight. Now let us discuss the reason why we have not fixed the gauge to 
be tpZ = ab initio. When ip v _ = all fermion bilinear source terms vanish except for 
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that in Ai proportional to V-V'-- I n particular, this implies that the leading order term 
in the solution for Ai vanishes, and this in turn forces K to vanish when one imposes the 
distributional constraints of (4.22). Thus the only non- vanishing terms in the solution are 
the first and second terms in H (4.14) and the second term in Ai (4.17). 

Thus it might seem that in this limit one obtains a family of supergravity solutions 
with vanishing momentum n p , non- vanishing winding number n\ and non- vanishing gauge 
fields Ai. This contradicts the expectation from the flat space spectrum, for which n p = 
automatically implies no left moving excitations. However, there is no contradiction: in 
the limit that ijfL = the leading terms in the superconformal constraints (4.27) vanish 
automatically and the first non- vanishing term imposes the constraint 

iipid v ipi = 0. (4.31) 

The zero mode of this constraint implies that 

E r l & r| 2 = 0, (4.32) 

r>l/2 

which can manifestly only be satisfied for vanishing b\ and hence ^ % _. Thus the gauge fields 
have to vanish, and the solution reduces to that for the static solitonic string with winding 
number m, as expected. 

This still leaves a puzzle: in the flat space limit we could consistently impose the gauge 
ty v _ = and obtain a family of classical solutions with non-zero ^i, n\ and n p . Here we 
only get non-trivial solutions with winding and momentum if both ^) v _ and at least one of 
the are non-zero. Note that this conclusion is unaffected by choosing a different gauge 
choice for A{. For example, in the Lorentz gauge one can consistently solve the supergravity 
equations of motion, but the superconformal constraint J_ cannot be satisfied. There is 
one possible loophole, which is to relax the distributional constraint, and we analyse this in 
appendix C. However, it seems unlikely that this is correct since the supergravity equations 
are not really consistently solved in this case. 

So within our ansatz it seems we cannot consistently impose the gauge = 0. Pre- 
sumably the resolution to this puzzle is that one would need a different ansatz for the 
supergravity background in order to impose = 0. Recall that we are solving a compli- 
cated coupled system of supergravity and worldsheet equations. We have found a specific 
family of self-consistent solutions, which has picked out a non-zero gauge choice for i\) v _ = 0. 
This does not exclude there being a family of solutions in which one can choose ip v _ = 0, 
although from the considerations above it seems they cannot be generalized chiral null 
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models. From a physical perspective there is no problem in choosing a non-zero gauge for 
il) v _: we have enough solutions to account for all corresponding quantum states involving 
fermionic excitations. The main subtlety is in the matching of the supergravity solutions 
to these quantum states, and we will return to this later when discussing explicit solutions. 

Before leaving this section let us note that the function IA defined by the equations 
in (4.29) is not an ordinary function: nilpotency of the fermions imposes that it is also 
nilpotent. There are hence implicit nilpotency restrictions on the harmonic functions and 
gauge field of the supergravity background; in particular, K 2 = 0. Whilst this nilpotency is 
unusual, it is to be expected when the fields are sourced by fermions and does not lead to any 
inconsistencies. In any case, the solutions written down so far are not really supergravity 
solutions: we have to take into account the winding, and for a valid supergravity solution 
we will require n\ S> 1. In this limit, as we shall see below, the functions are only nilpotent 
at much higher order. 



5 Solitons in the physical space 

Thus far we have worked in the covering space in which the v coordinate runs between 
and 1-Kn\R. In the physical space the v coordinate runs between and 2itR, and the 
solitonic string has n.\ strands. In this space the harmonic functions and gauge field should 
be written as a sum over the strands 

/ ni k 2 1 1 \ 

H = 1 + ; (1 + -iV°^ ai di)— • (5.1) 

V ^fa'(d-2)wd-i 2mR W W \x\ d ~ 2 J 

m . 2 -i 

Ai = -S o i (a %J k ^(^n+^-dk)—^, 

^ i 2-Ka'(d-2)u) d ^iniR \ x \ dI 

K = S o TU T\ 5 (2 ni Rd v U a + i^l%)-^. 

^ i 2-Ka\d-2)nxRu d -\ \x\ 

Here the functions on the strands F a (v) are defined for < v < 2ixR from the function in 
the covering space F(v) (for which < v < 2imiR) by the relation 

F a (v) = F(v + 2Ti(a- 1)R). (5.2) 

This implies by continuity that F a (0) = F a ~ l (2itR) or, stated more physically, the ends 
of adjacent strands are coincident since the string is continuous. Using (3.10), one must 
impose the constraint that 

(W)o = -^, (5-3) 
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where we use the notation (d(v))o to denote the zero mode of a function d(v). This enforces 
the correct momentum charge of the solution. 

The physically interesting case is when the number of strands (winding charge) is large; 
it is only in this limit that our leading order supergravity solution can be valid, since its 
curvature can be small on the string scale. In this limit, the nilpotency of the functions 
ceases to be an issue, since they only vanish at much higher order, namely K 2ni . In 
the multistrand case, the ro-th power of a function involves the following fermion bilinear 
structures: 

/ ni \n 

\jy>*(v)^(v)\ (5.4) 

Now (v)^^ 1 (v) is non-zero for generic a 7^ a'; there are effectively n\ distinct fermions 
^ai £ Qr gach j Expressed in terms of the original fermion functions, V'- 7 (v)^^ 1 (v) is non- 
zero since this results from multiplying ipL{v + 2n(a — l)R)tpL(v + 2n(a' — 1)R). The latter 
is non-zero since the fermionic sources are not at the same location on the worldsheet. Thus 
typically the functions in the metric are only nilpotent at the 2ni-th power. 

As mentioned previously, there is an important subtlety in going from the covering space 
to the physical space in which the string is multiply wound. In the covering space, there 
is a one to one correspondence between each point on the string and each point in the 
target space. In the physical space, the string is multiply wound around the v direction, 
so that there are n\ points x~ with a = 1, ..,ni which correspond to the same v. When 
the condensate on the string is purely fermionic, the strands of the string are not separated 
in the transverse space, and are all coincident. This does not affect the solution of the 
supergravity equations of motion around the sources. It does, however, make the solution 
of the superconformal constraints rather subtle. The general structure of the superconformal 
constraints is 

Y,G k [x I ]*k[X I {<T),ij£(*)]6(x I - X 1 ) = 0, (5.5) 
k 

where Gu is a functional of the spacetime coordinates (determined by the supergravity 
fields) and is a functional of the worldsheet fields and we sum over all strands, labelled 
by k. The Dirac delta function restricts the supergravity fields to the worldsheet. In the 
neighborhood of the string worldsheet, however, the supergravity fields are dominated by 
the terms 

m „ 

G fe = £^, (5-6) 
1 \ x \ 

(2=1 1 1 

where the summation over a arises from the fact that each spacetime point v corresponds to 
n\ distinct points on the worldsheet and thus supergravity fields get contributions from all n\ 
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strands. Recall that the ath term in this expansion is determined by the worldsheet sources 
at x~ . Now if one substitutes (5.6) into (5.5) it manifestly imposes non-local relationships 
between worldsheet fields, that is, relationships between worldsheet fields at x~ and x~,. 
Implicitly in writing the solution (5.1) we have solved the superconformal constraints (5.5) 
only for the local terms, ie imposing relationships between fields at the same points on the 
worldsheet. We have not imposed the vanishing of non-local cross-terms between worldsheet 
fields at x~ and x~,. This is physically reasonable: one takes into account only the terms in 
the supergravity fields sourced by that strand of the string. In any case, the problem would 
be overconstrained and generically unsolvable if we tried to impose the non-local constraints 
in addition. 

A more rigorous way to justify our solution is the following. Suppose we separate the 
individual strands in the transverse directions by turning on a small transverse bosonic 
excitation in addition to the fermionic excitation. Since the strands are now separated in 
the target space, the superconformal constraints will necessarily impose local relationships. 
More explicitly, at a given point x~ on the worldsheet, the restriction of the supergravity 
fields to the worldsheet will be dominated by only one of the n\ terms in the summation, 
that which is sourced by the worldsheet fields at x~ . The solution of the coupled equations 
for generic left moving bosonic and fermionic excitations is discussed in detail in appendix 
D and makes this point manifest. Since the solution with purely fermionic excitations is 
a limiting case, which should be a smooth limit of the mixed condensate case, we would 
expect our solution of the fermionic equations to be valid. 

6 Mixed condensates 

To account for all quantum states at a given left moving excitation number we need to switch 
on both fermionic and bosonic left moving excitations. As mentioned around equation (4.10) 
we expect the generic solution to be determined in terms of eight chiral bosons and eight 
chiral fermions. The BPS supergravity background corresponding to generic left moving 
excitations 

U = ( ni R+ ^^)x + +U(x~); V = ni Rx-; X 1 = f(x~); V-OO; (6- 1 ) 
R 

is determined in appendix D. The resulting multistrand solution in the physical space is 
given by the following harmonic functions and gauge field 
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K - w^^)5( fc ° + ^)^rxp ; (6 - 2) 



a=l 

,2 n i 



M = ; — —r-, r ^ (al + atfdj) -j-^ 

2ira>Lu d ^ 1 (d-2)^ i y a a3 >\ x -f a \d-i 



where 



h a = 2; K = ^J?l>-^\ (6-3) 

k a = (2^w°+^-^(«-)); K = ^{r-r--V-r-d v p a ); 

a* = (-2«--^-^(«^)); a^ = -!-^(^d v f a -r- J ). 

Tl\tX TL\IX 

The constraints between the v-dependent functions involved in this solution are derived in 
the appendix; again ■0" and U are determined by the other functions: 

in x Rg a + (ip a Jd v f a )d v iP™ + V!_ a d„V- = 0; (6.4) 

d v W + -L-^vtffZ = _^_( W >-)) 2 + {d v f a f. 

n\JrL \LTi\tx) 
Note that this solution manifestly reduces to the purely bosonic and fermionic cases already 
given on setting ^ = and /* = respectively. 

The generic form for these supergravity solutions is rather complicated, since one needs 
to sum over a large number of strands. If however one considers solutions for which the mean 
wavelengths are large compared to the scale of the compactification circle, the neighboring 
strands give similar contributions to the harmonic functions [12, 11] and one can reasonably 
replace the summation over strands with an integral. 



xr**L *• (6 ' 5) 



a=l 



This means that the summations in (6.2) reduce to integrals, for example of the type 

\- dg(v) 1 ( 2Al , d(v) 

7^2^277?/ dv '\ 7^2- (6 ' 6) 

a \x-fa\ ^KJ Q \X-f\ 

Such an integration considerably simplifies the explicit computation of the metric functions. 
In the case of purely fermionic excitations, it is interesting to note that this approximation 
(of picking out the zero mode) actually becomes exact. The point is that in this case the 
sources are located at the origin in the transverse space, and the summation over strands 
reduces to terms of the form 

a \ X \ a \ X \ 
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where the functions d a and d\ are defined in terms of fermion bilinears. By construction, 
each d a therefore descends from a function which is periodic on the worldsheet and which 
can be expanded in integral x~ harmonics. Thus, 

da(v)= Y, d me m{x ~ + ^\ (6.8) 

rn&Z 

where the spacetime lightcone coordinate v = n\Rx~ . Now summing over all the strands 
and using the identity 

2^e "i =0, (6.9) 

a=l 

valid for all m ^ 0, we find that 

dg(v) dp 

o=l \ X \ N 

where dp is the zero mode. This shows that (6.6) is exact in the purely fermionic source 
case; the supergravity solution depends only on the zero modes of the worldsheet sources. 
Since the leading term in Ai in (5.1) has no zero modes, this term necessarily vanishes. 



7 Matching with microstates and regularity 

In the analysis so far we have solved the leading order supergravity equations of motion with 
worldsheet sources, without addressing the validity of this approximation. In this section 
we will discuss when such an approximation is self-consistent. We will also discuss in more 
detail the matching of the supergravity solutions with the quantum microstates, an issue 
touched upon in earlier sections. 

Let us consider first the case of purely bosonic condensates. These have been exten- 
sively discussed in recent literature in the context of constructing microstates for the D1-D5 
system. Here we will review issues relevant to the discussion for fermionic condensates, and 
furthermore highlight certain other points which are not usually mentioned. The prescrip- 
tion of [12, 11] for matching between quantum states and vibration profiles is that given a 
string microstate 

X\{a\ H r\e-k) NSl (7.1) 
l 

one reads off a corresponding set of classical vibration profiles as 

r~5>^_ n /"<*-, (7.2) 

ni 
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where now a!_ n; is a classical (commuting) quantity of order \/o7 and appropriate reality 
constraints must also be imposed. We have already pointed out that (7.1) does not in 
fact give a physical state; instead it must generically be of the form (3.14) with appropri- 
ate lightcone excitations included. The significance of this is that it illustrates how the 
superconformal gauge choice is related to the fixing of bulk diffeomorphism invariance. 

As commented earlier it is not possible even in principle to make a one to one corre- 
spondence between quantum states and classical vibration profiles well defined: neither are 
observables and Ehrenfest's theorem depends on using observables. Thus one must gener- 
ically read the correspondence in terms of, for example, correlation functions computable 
in both limits. There are exceptions to this. For example, there is a unique quantum state 
of maximal angular momentum in a given transverse plane which can be uniquely matched 
to a geometry with corresponding rotational symmetry and angular momentum. 3 Indeed 
these geometries are often used as the explicit examples in the discussions by Mathur et al. 

In making the correspondence between (7.1) and (7.2) one is implicitly relating an infinite 
family of worldsheet conserved charges to an infinite family of multipole moments of the 
spacetime geometry. It is not clear that one can make such a correspondence well defined. 
The most precise way of making a correspondence between geometries and the microscopic 
description is to go the dual D1-D5 frame and use the standard AdS/CFT dictionary. That 
is, as mentioned in the introduction, one would read from the asymptotics of the decoupled 
AdS region of the geometry the operator deformations and vevs in the dual CFT. Then the 
geometries derived from purely bosonic condensates in the Fl-P system should account for 
c = 4N = An\n^ worth of R sector vacua in the CFT. Of course one cannot get a discrete 
number in the continuum supergravity description, but quantizing along the lines of [25, 26] 
(counting supertube configurations and quantizing supergravity geometries respectively) 
could reproduce such a number. Note however that neither approach will be entirely self- 
consistent since most of the geometries one is counting actually have string scale curvatures; 
we return to this issue shortly. 

Now let us move on to the issue of when the supergravity approximation is valid. The 
curvatures are both conformal frame and duality frame dependent, and one is usually most 
interested in the corresponding geometries in the D1-D5 system. These can be obtained 
from the fundamental string geometries by a series of dualities, the explicit map being [11] 

PNSl(IIB) ^ PDl(IIB) T ^ PD5(IIB) ^ PNS5(IIB) (7.3) 
3 Note that closely related issues were also considered in [24] where the semiclassical decay of certain very 
massive string states in flat space was discussed. 
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5 PNS5(IIA) S NS1NS5{IIB) D1D5(IIB), 

where S and Tj denote S and T dualities respectively, with the latter along the ith. direction. 
Here the ten-dimensional spacetime is compactified on a four torus, with x 6 one of the circles 
in this torus, x 5 = y is the spatial circle which the original string wraps. Since one of the T- 
dualities is along the y circle, one can only explicitly map supergravity solutions which are y 
independent to the D1-D5 system; this requires that the starting geometries are independent 
of the v direction. A generic Fl-P solution depends explicitly on the lightcone coordinate 
v, and hence y. However, as we have already mentioned, the summation over many strands 
can be approximated as an integral over v (6.6), giving a geometry independent of v which 
can be dualized; this approximation becomes exact in the purely fermionic case (6.10). 

The details of the dualisation procedure are given in [11]; the resulting D1-D5 back- 
ground is the (string frame) metric 



ds 2 



H ^ +K) (-( dt -A) 2 + (dy + B) 2 ) + y/H(l + K)dx t dx i + yj (1 + R K) ' dz a dz a , (7.4) 



with the other fields being 

where the forms Bi and Cy are not independent, but rather are defined by the duals 

dC = -*dH; dB = -* dA, (7.6) 

where the duals are taken with respect to the flat metric on R 4 . The two functions and 
gauge field follow from those in the original Fl-P system; there is a subtlety of appropri- 
ately rescaling lengths, but the details are not important in what follows. Note that this 
dualisation is equally valid for our mixed condensate geometries in the Fl-P system, since 
they were also expressed in terms of generalized chiral null models. 

There has been considerable discussion of the geometries in the D1-D5 system; the 
main results which are relevant here follow from [10, 14, 15, 13, 11, 12, 25]. The geometries 
are non-singular for any generic choice of vibration profiles /*; one can understand this in 
terms of the branes blowing up into a supertube in their transverse directions. However, 
the geometry will only be weakly curved if the characteristic size of the profile is sufficiently 
large and the vibration profiles are sufficiently smooth. The latter can be phrased in terms 
of multipole moments of the charge distributions: high multipole moments should be small 
or vanishing. Generically if the vibration profile involves small contributions from many 
harmonics the profile will be very fuzzy and will not be well described by a supergravity 
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solution. If one uses the known microscopic distributions of states to determine the most 
probable vibration profiles, one finds that the generic geometry actually has large curvatures, 
even though it is non-singular. One can trace this property to the fact that the density of 
states is peaked around states involving many different harmonics each of order ^Jri\n^ for 
which the vibration profiles are fuzzy. 

For many explicit discussions, such as comparing scattering calculations with those in 
the CFT, certain non-generic geometries are usually considered: these are the ones with 
definite R charge (angular momentum) which do not have multipole moments and for large 
enough angular momentum are weakly curved everywhere. Such geometries derive from 
vibration profiles which are circles in a transverse plane. In particular, the unique state 
with maximal angular momentum corresponds to putting all of the excitation energy into 
the lowest harmonic, so that the vibration profile is a circle of maximal radius. 

Actually one should not be surprised that the generic geometry is not weakly curved. 
This is consistent with the picture in which the black hole geometry emerges as a suit- 
able averaging over these horizon free geometries. In the supergravity approximation the 
black hole does not have a finite horizon, although it is anticipated that it develops one 
when one evaluates a' corrections on the geometry. The characteristic scale of this horizon 
must necessarily be small, in order to match with the CFT entropy. Now if this horizon 
emerges as an averaging over the non-singular geometries, the latter must generically have 
a characteristic scale which is small and they should not be well described by supergravity 
solutions. 

We now discuss related issues for the mixed condensate geometries. We have already 
seen that the matching between quantum states and geometries is rather more subtle in this 
case. The issue was that the natural gauge choice tp- = was n °t possible in the curved 
background. Presumably it would be possible with a different ansatz for the background 
(related to that used here by some complicated diffeomorphism) , but to settle this one needs 
a deeper understanding of the relationship between worldsheet superconformal invariance 
and spacetime diffeomorphism invariance. 

In any case, if the dependence of the solution on ty v _ reflects an unfixed gauge choice, 
then all non-zero choices of i\) v _ which preserve the superconformal constraint (physically, 
the momentum charge) must be physically equivalent. Demonstrating this explicitly is 
beyond the scope of this paper, but let us note that shifting ip^_ whilst preserving the 
momentum charge does not affect any other monopole charges. This follows from the 
form of the supergravity solution. The shift will generically affect dipole moments, but it 
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is not clear whether these are physically distinguishable or simply reflect diffeomorphism 
invariance. Note that, as mentioned above, one may be able to relate multipole moments of 
the supergravity solution to the infinite family of conserved worldsheet charges. Thus this 
issue again goes back to understanding the relationship between worldsheet symmetries and 
spacetime diffeomorphisms. Again the clearest way to match geometries to a microscopic 
description will be in the D1-D5 system using the AdS/CFT dictionary. 

Let us move on to the question of when the supergravity approximation is self-consistent. 
There is a fundamental difference between the bosonic and fermionic condensates. One can 
excite an arbitrary number of quanta of any bosonic oscillator, so one can, for example, 
put all of the excitation energy into the lowest harmonics. However one can only excite 
one quantum of each fermionic oscillator. This translates into a bound in the magnitude 
of the harmonic coefficients in the classical fermion fields: each must be of order \[a! ' . 
To achieve large winding and momentum we will thus need to excite a large number of 
harmonics; this issue is exemplified in appendix F. Moreover a classical treatment of the 
fermion bilinear condensates can only be justified when the scale of the bilinears is large 
compared to a'. If it is not we cannot approximate by classical expectation values; note 
also that we have treated the fermions as nilpotent, neglecting terms of order ol in their 
anticommutators. 

Within these constraints one may ask whether there are any simple explicit solutions, 
analogous to the circular vibration profiles in the bosonic case. Suitably developing the toy 
example discussed in F, the following solution may provide such an example: 

H = (l+ ^ ^ 



iva'(d — 2)(jjd-i \x\ d 2 

IH 2 , , i ,Os COS 2 



n„K 2 k 2 (1 . .cos6*(cos0 — sin^>) 

" - ,R^-2)^M d -^ ^^« ( '*-*- M • 

In this expression, do again denotes the zero mode of the function d(v). We have turned on 
ipl. and ip 2 -! we relate the Cartesian coordinates (x 1 ,^ 2 ,---) to polar coordinates via 
x 1 = x cos 6 sin 4>, x 2 = x cos cos 4> etc. The solution has been simplified by choosing the 
functional form of to be the same as that of ijPi ; this implies the simplified form for the 
gauge field and for the dipole term in K. We also choose the zero mode of ip-i'- to vanish, 
which removes the dipole term in H. This can be achieved by choosing the phase of ip- to 
differ from that of -01; that is, let 4> v _ be an expansion in cosines, whilst ipl_ is an expansion 
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in sines. We have already imposed the momentum charge constraint; this implies that 

2n pni R 2 a' = ((ipid-^i)(t/j v _d-tp v _)) Q . (7.8) 

Finally recall that ip™ is given by ip'H = iip v _{il)' l _d-ip' l __) / {n\R) 2 . 

As an explicit example of how the constraints can be satisfied choose solutions for the 
fermions which involve exciting one unit of all harmonics up to some given level. That is, 

r v /2 r l /2 

i[, v _ = yfd ^ e v r cos{rx~); = \foJ ^ e\ sin(rx~), (7.9) 

r=l/2 r=l/2 

where the dimensionless coefficients t\, anticommute and have magnitude of order one. Now 
assume that r l S> r v S> 1. The momentum charge constraint then enforces 

n P ni(^r) ~ (r*)V) 3 , (7.10) 

which can be satisfied by choosing r l ~ ^/n p n\ and (r v ) 3 ~ R 2 /a'. This is manifestly self- 
consistent in the limit ^/n v n\ 3> (R/y/a/) 1 / 3 S> 1 which is within the interesting parameter 
range. Note that the form of this constraint can be worked out by approximating the 
convolution of the harmonics in the quartic fermion term of (7.8) using the form of the 
fermion fields. By construction our solution also has non-zero angular momentum in the (j) 
direction; the scale of this angular momentum (per unit length of string) is set by 

(^l^)o , , . 

J* T^Ty ^/TTpfn/R, (7.11) 

where the latter estimate is obtained by approximating the strength of the zero mode 
harmonic in the convolution of the quadratic fermion term. The solution also has dipole 
charges arising from the subleading harmonics. So, to summarize, we have constructed an 
explicit Fl-P solution with winding n\ and momentum n p and non-zero angular momentum 
in one transverse plane, along with subleading dipole moments. It is interesting to note that 
if we substitute the same fermion solution into the flat space superconformal constraints 
(4.5) they are also consistently satisfied by the same choices of r % and r v . Moreover, the 
conserved worldsheet angular momentum charge J 12 is 

Jl2 ~ h J da ^-^ ~ (7-12) 

which matches the conserved charge of the curved spacetime. All other angular momentum 
charges of the worldsheet theory vanish, also in agreement with those in the spacetime. 
Thus there is at least approximate matching between the spacetime and the quantum state 
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(obtained naively from the classical solution, lifting classical harmonic coefficients to the 
excitations of the quantum state). 



Now let us consider the dual of this solution in the D1-D5 frame. Restricting to d = 4 
and then putting the explicit forms for the functions and gauge fields into (7.4) one finds 
the following metric in the decoupled AdS region: 



2 



™2 cIt^ 
ds z = —-(-(dt-A) 2 + (dy + B) 2 ) + \(x i )(—+dni + dz a -dz a y, (7.13) 

/\ I X J X 



Pcos 2 9 _ (3 sin 2 9 



X(x l ) = y/l + OLX 1 COS#(COS0 — shl </>) , Aff, = 2 > &X ~ 2 ' 

where dfl 2 = (d9 2 + cos 2 9d(j) 2 + sm 2 9d\ 2 ) is the metric on the unit three sphere. For 
simplicity we have suppressed most scale factors, including the AdS scale derived from the 
Dl and D5 brane numbers, retaining only the novel terms a ~ (V>"V'-)o and (3 ~ (V'iV'-)o- 
There are two reasons we focus on the near horizon (decoupled) region. The main one is that 
the singularities of the spacetime are clearly confined to this region, and become manifest in 
the decoupled limit. The second is that this would provide the starting point for matching 
the AdS asymptotics to the dual CFT. This solution illustrates what is probably a generic 
property of geometries corresponding to purely fermionic condensates: it is singular as 
x — > 0, the intuitive reason being that the branes have not blown up in the transverse 
directions. This specific geometry also has closed timelike curves confined to the region 
x < (3 and is singular as X(x l ) — > which occurs for x > 0. It is an open question whether 
the generic fermion condensate and mixed condensate geometries are non-singular, as the 
bosonic condensate geometries are. 



8 Conclusions and Discussion 

The motivation for this paper was the observation that there are insufficient two charge 
geometries to account for all microscopic states in the Fl-P system and its duals. The 
known geometries are characterized by four chiral bosons, which upon quantization can 
account for c = 4nin p . (We know from the analysis in the Fl-P system that each chiral 
boson gives c = n\n p when one enforces the momentum and winding charge constraints.) 
But one would expect the more general geometry to be characterized by four chiral bosons 
along with four chiral fermions, which upon quantization can give the full c = Qn\n p required 
to account for all microstates. In this paper we have constructed the missing geometries 
and explored some of their properties. 
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Throughout the paper we have raised a number of issues which merit further investiga- 
tion. In particular, one needs to understand the relationship between worldsheet supercon- 
formal invariance and spacetime diffeomorphism invariance; a related issue is whether one 
can unambiguously relate the infinite number of conserved charges of the worldsheet theory 
to spacetime multipole moments. One needs to show when and whether the geometries 
sourced by fermionic condensates can be well described within the supergravity approxi- 
mation. One should also explore the matching between the geometries and their dual CFT 
descriptions using the AdS / CFT dictionary. 

Many other interesting issues have not so far been raised in this paper. For example, 
it is conjectured that the bosonic condensate geometries can be understood in terms of 
supertubes. Presumably our solutions may also admit a description in terms of supertubes 
carrying fermionic condensates, and such a description may prove useful. An obvious ques- 
tion is the generalization to three charge geometries for which the corresponding black hole 
has a macroscopic horizon. Unlike the two charge system, the generic bosonic condensate 
geometry is not known; only certain specific families of geometries have been constructed 
[27, 28]. Perhaps one can also find at least some explicit geometries corresponding to oper- 
ators in the dual CFT built from fermions, extending the ideas in this paper. The relation 
to the bubbling picture [31], extended to the D1-D5 system in [32, 28], would also be inter- 
esting to explore - at least some of the mixed condensate geometries should preserve enough 
R symmetry to be included by the bubbling description. Note however that the bubbling 
description is best understood for geometries which are regular in supergravity, whereas 
these geometries do not seem to be regular. 

Even if turns out that all two charge fermion condensate solutions require a description 
which goes beyond supergravity, one cannot ignore them in the context of the Mathur 
conjecture. They are needed to account for the full microscopic entropy; indeed this should 
be demonstrated by looking at the AdS asymptotics, and showing that geometries of the 
type given here are required to account for the CFT ground states built from fermionic 
operators. 

A few years ago it would have been considered a hopeless problem to understand the 
stringy resolution of such geometries, despite their eight supercharges. This generically 
requires a knowledge of all a' corrections to the string effective action. However, recent 
developments suggest that the stringy resolution might be more under control than one 
would have expected. For example, several families of BPS black holes seem to admit non- 
renormalization theorems, in that only a subset of all possible corrections are needed in order 
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to account for their microscopic entropy [29]. So far this is well understood only in one case, 
that where the black hole horizon contains an AdS^ factor [30]. If the Mathur conjecture 
is correct, then a black hole of this type emerges from an averaging over our horizon free 
geometries, so perhaps the corrections on these geometries are also heavily constrained. 
Another more speculative possibility is that one can extract from the bubbling description 
geometries beyond the supergravity approximation; this would entail understanding in more 
detail how the free fermion configuration determines the (exact) dual geometry. 
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A Sigma model action 

The sigma model action before gauge fixing is [18] 

-Ia/^^VW 7 + r J KL d^x K ^ L ) 9l j (A.i) 
+^{x^ u r^d v x J giJ - Ixsf-fxrf^gij - -^Rukl^^ k ^ j ^ l ) 

+^l(-\iH IJK ^ I 1 ^ J d^X K + ^iHuKx^l^^iul^) 

+v /z 7 (^DkHju^^^j^ 1 - ^g MN HtKMHjLN^^^^^j , 

where 7^ is the worldsheet metric and x^ is the worldsheet gravitino. The worldsheet 
spinors are two component Majorana. In coordinates (a; ,^ 1 ), the flat 2d metric is taken 
to be rj^ v = diag(— 1, 1) and the 2d gamma matrices are 7 = 02, 7 1 = io\ and 75 = —173. 
We take e 01 = — eoi = —1 and x = X*7°- I n lightcone coordinates = (x° ± x 1 ), the 

flat metric becomes 7_| = — \ and e H = 2 with e_| = — \. The positive and negative 

chirality components of the spinors are defined by ip^ = 5(1 T 75)Y'- Upon gauge fixing the 
worldsheet metric to be flat and the gravitino to vanish, the action reduces to that given in 
the main text. 
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B Curvature of chiral null background 

It is convenient to define the torsionful connections for this background as 

^^^jk + Wjk), (B.l) 

such that 

rI( j~K = tI kj = W L (9jCkl + d K C IL - d L Cu), (B.2) 
where Cjj = gu + Bjj. The non- vanishing components are then given by 

= -d t (lnH); r < (-) = ^ff- 1 ; pH = H^A* - \^{H~ X K); (B.3) 

= -A^H- l -H~ l F^- T^ = -di{\nH); T*^ = A^H' 1 ; 

r$"> = -d v K + 2H- l A l d v A l -A i d l {H- 1 K)-H- 1 K(d v H); T v v ^ = -H~ x d v H; 

T^- ] = -diK + KdiilnH); r# _) = -28^ + 4A^(i ln(il)); 

r^ _) = -d i K-Kd i {lnH)-2A i A>d j {H- 1 ) + 2H- 1 AiF ij . 

Note in particular that = 0. 

C Solutions with f_ = 

In this appendix we explore further whether solutions with ipZ = can be found self- 
consistently within our ansatz. First we impose %jj v _ in the source terms given in (4.12). We 
then solve the T uv and T m equations as before, to give 

H = (1 + (C.l) 

y Tra'(d-2)u d - 1 \x\ J 



2Ka'{d-2)u d ^ ini R^- y ' K '\ x \ d ~ 2 ' 

Note that d v H = and A 1 satisfies the Lorentz gauge condition. The final supergravity 



equation is 



K 2 



(—Hd K - Kd H) = -(2d v U{v)W(x). (C.2) 

2ira' 



All other terms on the left vanish, due to the Lorentz gauge and the vanishing of AidfF^ 1 . 
Matching the delta function terms gives the previous solution 

K = k2Q - U ( c 3) 

ira'(d-2)uj d ^ 1 \x\ d - 2 

However, there is a non-distributional term on the left of (C.2) which does not cancel; thus 
in the main text we imposed the vanishing of d v U. Suppose we relax this constraint, and 
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simply proceed to solve the superconformal constraints. These can now be consistently 
solved for non- vanishing since there are two contributing terms in the T constraint. 

= (-g vv {d-V? + k^- 9 -^ (C.4) 

(implicitly this is evaluated in the neighborhood of the string at x — ► 0) which is solved by 
setting 

{ ni R) 2 d v U = \i^_d.^_. (C.5) 

This clearly reduces to the same equation given in the main text if one imposes the vanishing 
of d v U, but if this constraint is relaxed one can find a family of geometries with fixed winding 
and momentum, characterized by eight independent Grassmann functions with = 0. 
Moreover the worldsheet solutions and superconformal constraint manifestly match those for 
the string in flat space. However, it is not clear that dropping the distributional constraint 
is justified; after all, the supergravity equation (C.2) is not consistently solved. This would 
be true no matter what function we choose to represent the delta function. Moreover, the 
solutions would differ from the naive Nl-P solution only when at least two of the fermions 
are non-zero. 

This issue clearly requires more in depth analysis, but for the purposes of this paper let 
us note the following points. The solutions we give in a non-zero gauge for ty v _ are clearly 
self-consistent and do (non-trivially) reduce to previously known solutions for purely bosonic 
excitations when one sets the fermion terms to zero. Furthermore, the generic properties of 
our supergravity backgrounds are the same as those of the above background, so many of 
the discussions about curvature singularities, conserved charges etc would also be applicable 
to this case. 



D Solitons carrying bosonic and fermionic condensates 

In this appendix we consider the supergravity equations and superconformal constraints for 
solitonic strings carrying bosonic and fermionic condensates. In this case the worldsheet 
fields are 

U = ni Rx+ +U{x-); V = n 1 Rx-; X i = fix'); ^i(aT), (D.l) 

which automatically satisfy the worldsheet equations of motion in any chiral null background 
since = 0. The sources for the supergravity equations of motion are given by (4.12) 

(with the obvious replacement S^ 8 \x) — ► 5^ 8 \x — /)) with the additional terms 

ST UU = -J^(i^_){-d v f i )d i 5^{x k - f k ); (D.2) 
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5T m = ^(2(d v r)5^Hx k -f k )-^l^(d v f k )d k (5^(x^-f))]. 

ttoc' \ n\ti J 

These terms give rise to the following additional terms in the harmonic function K and the 
gauge field: 

k 2 1 
SK = — T — 1 r (i^ u i) v d v ) - r -=; (D.3) 

Note that the original terms in the harmonic functions and gauge field also get shifted by 
x -> (x- /). 

We now need to write down the constraints imposed by the supergravity energy-momentum 
tensor being distributional and the superconformal constraints. Starting with the J_ con- 
straint, this implies that 

- W_d v fW-^- ■ (x - f) = 0, (D.4) 

which is solved provided that 

(r--W-d v f)=g(v)r-, (D.5) 

for some function g(v). Notice that solving this equation first eliminates and simplifies 
the other equations. 

The superconformal constraint for T implies that 

(imR{g(v) - d v U) + ^ k _d v f k d v ^ v _ + 2i ni R(d v f) 2 + ^_d v ^_)^ v _ = 0. (D.6) 

The constraints arising from the vanishing of terms in the energy momentum tensor pro- 
portional to 

9 i] 7i3=2 5(l V " /*); l -7^- 2 d^{x k - f k ), (D.7) 

\x-f\ \x-f\ 

are identical and imply that 

= (i ni R(d v U + g{v)) + ip k _d v f k d v ip v - + *P-d v iP k _). (D.8) 

The remaining constraint from the energy momentum tensor comes from the vanishing of 
terms proportional to \x — f\ 2 ~ d 5^ 8 \x — /) and gives 

d v U + -J-^ltff* = -—t—( dv ^l r _)Y + ( dv ff. (D.9) 

Tl\tx \ZTL\lX) 

These three constraints (D.6), (D.8) and (D.9) are consistently solved provided that 

(in x Rg(v) + (V- • d v f)d v ip v _ + ^_d v ^_) = 0, (D.10) 
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with (D.9) also satisfied. To check the consistency of this solution with (D.6) and (D.8) 
first note that (D.9) implies via the nilpotency of the fermions that 

(a v u - (d v f) 2 )r- = o. (D.n) 

Then multiply (D.8) on the right with V_ and subtract (D.6); this gives precisely the 
equation above. 

E Gauge choices 

In this appendix we discuss why the gauge choice diA 1 = d v H is natural. In all the cases 
discussed here the relevant terms in the T ul and T uu equations are of the form 

2{d j P i + dvdiH) =Y { = y\v)b\x -/) + •••; (E.l) 
2(-Hd 2 K - Kd 2 H + + 2Hd v {d i A i - d v H)) = 2k5 8 {x -/) + ■■■, (E.2) 

with the T uv equation determining the function H. The ellipses denote the additional source 
terms in the fermionic case, which do not play a role in this discussion. We consistently 
solved these equations with the gauge choice diA 1 = d v H for both fermionic and mixed 
condensates. That this is a natural gauge choice is manifest from the first of these equations: 

2(djF^ + d v d t H) 2d 2 A 1 = y\v)5 8 {x -/) + ■■■, (E.3) 

and thus each component of the gauge field is harmonic. The consistency of this solution 
with the gauge choice is guaranteed in all of our examples by the relationship between the 
sources for H in the T uv equation and those in the T ul equation. 

Suppose we instead imposed the usual Lorentz gauge choice diA 1 = 0. The solutions to 
the equations (E.l) are then rather more complicated, the first equation being 

2(8 2 A i + 8 v diH) = y l (v)5 8 (x -/) + ■■-, (E.4) 

which is solved by A 1 = A 1 + a 1 with 

a} = -{d 2 )~ l d v diH. (E.5) 

In particular, the gauge field components are no longer harmonic functions. Similarly, from 
the second equation in (E.l) one immediately sees that K is no longer harmonic since it 
also picks up extra terms. Indeed the shift in K is implicit from equation (2.22), defining 
a 1 = —diX- Thus the gauge used throughout the paper is the most natural and simplest. 
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F An explicit fermionic example 

To demonstrate how the equations and constraints of §4 can be solved, let us consider a 
particular toy example. Switch on the lowest harmonics of the three worldsheet fermions 

(ip1,ipl,jpl) so that 



(F.l) 



where recall that the reality conditions imply that b\. = (bL r )*- Solving the constraints of 
(4.28) and (4.29) gives 
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+ &-i/ 2 e" 
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% 2 x 
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+ b\ /2 e 
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bl/2 
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2( ni R) 4 

Then note that each of the fermion bilinears can be written as 

#^V- J = 2Re(i&[ /2 (&f /2 )*) + 2Re(ib[ /2 b J 1/2 e ix " ), 

with x~ = v/(n\R) + 2ir(a — l)/n\. Using the identity 

m 

e 27r(a-l)i/ni _ 

one finds that 



a=l 



lJ2rJr- J = 2n 1 Re(ib[ /2 (b J 1/2 T). 



(F.2) 
(F.3) 

(F.4) 

(F.5) 
(F.6) 



a=l 

Thus the explicit forms for the harmonic functions and gauge field are 
- 2 f 1 



H = 1 + 



-Ka'{d - 2)u d _i 

2 



1 ira'(d 



K = 



1 + ^(M^ v 1/2 (bi /2 )*)di + Re(ib v 1/2 (bi /2 )*)d 2 ] 

^— - (R^b\ /2 {b\ /2 Y)d 2 + Re(z6 2 /2 (6j /2 )*)5 1 )) ^ ; 
- 1 



\x\ 



id— 2 



(F.7) 



7ra'(d- 2)co d - 1 (n 1 R) 2 R \nxR 



°l/2 



+ 



'1/2 



Re(ibl /2 (b\ /2 )*)di + |6} /2 | 2 Re(^ /2 (6 2 /2 )*)9 2 ) — L,. 



This example has a number of interesting features. The supergravity background is inde- 
pendent of v, since the v dependence cancelled when we summed over the strands, as shown 
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in (6.10). Moreover, the leading order term in the gauge field cancelled; this guarantees that 
the metric is asymptotically flat in the usual sense. The leading order term in K is nilpo- 
tent, again since we switched on only the lowest harmonic in tp^_. With mixed harmonics 
in ip v _ (d v U) does not have to nilpotent, as we discussed earlier. Note that in this example 
we need to switch on two transverse fermions for the gauge field to be non-vanishing; if we 
set -0- to zero the gauge field vanishes. 

One can see quite easily that this specific example does not really give a good supergrav- 
ity solution: it is only a toy example. Following from (3.10) one can read off the momentum 
of the solitonic string from the asymptotics of the function K; this gives 



b\ /2 



2 



+ 



2 



h v 
°l/2 



2 



(F.8) 



a'n\R 2 

Given the normalizations in the worldsheet action, the worldsheet fermions have dimension 
one and thus the b 1 are dimensionful, in units of (a') 1 / 2 . Now in the expansion in harmonics 
of a bosonic excitation, the (dimension one) coefficients of each harmonic 

x li = Yl a n cos ( nx ~) + ^2 «n sin(nx"), (F.9) 

n>0 n>0 

can be arbitrarily large. The size of the coefficient essentially relates to the number of quanta 
of that harmonic in the quantum state, which is of course unbounded. Now consider the 
fermionic excitation expanded in harmonics; here the coefficients b\, cannot be arbitrarily 
large, since one can only excite one fermionic quantum of each harmonic. Therefore, b^ 2 is 
necessarily of order (a') 1 / 2 and thus 

(F.10) 



This is clearly outside the validity of the super gravity approximation, in which one requires 
n p S> 1, ni S> 1 and the radius R to be large compared to the string scale. The issue is that 
one cannot achieve large winding and momentum charges by exciting only a few quanta of 
the lowest harmonics of the fermions! This is in contrast to the bosonic case, where one can 
of course put all of the excitation energy into the lowest harmonics. 
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